Abstract. In this paper, we prove that in any projective manifold, the complements of general hypersurfaces of sufficiently large degree are Kobayashi hyperbolic. We also provide an effective lower bound on the degree. This confirms a conjecture by S. Kobayashi in 1970. Our proof, based on the theory of jet differentials, is obtained by reducing the problem to the construction of a particular example with strong hyperbolicity properties. This approach relies the construction of higher order logarithmic connections allowing us to construct logarithmic Wronskians. These logarithmic Wronskians are the building blocks of the more general logarithmic jet differentials we are able to construct.
Introduction
A complex space X is said to be Kobayashi hyperbolic if the (intrinsically defined) Kobayashi pseudo distance d X is a distance, meaning that d X (p, q) > 0 for p = q in X. One can easily see that a Kobayashi hyperbolic complex space X does not contain any non-constant entire holomorphic curve f : C → X (this last property is called Brody hyperbolicity). When X is compact, by a well-known theorem of Brody [Bro78] , these two definitions of hyperbolicity are equivalent. However, in general, we have many examples of complex manifolds which are Brody hyperbolic but not hyperbolic in the sense of Kobayashi, see for instance [Kob98] .
In 1970, Kobayashi made the following conjecture [Kob70] , which is often called the logarithmic Kobayashi conjecture in the literatures.
Conjecture 0.1 (Kobayashi) . The complement P n \ D of a general hypersurface D ⊂ P n of sufficiently large degree d d n is Kobayashi hyperbolic.
As is well known, Conjecture 0.1 is simpler to approach when D is replaced by a simple normal crossing divisor with several components. When D = 2n+1 i=1 H i with {H i } i=1,...,2n+1 hyperplanes of P n in general position, it was proved by Fujimoto [Fuj72] and Green [Gre77] that P n \ D is Kobayashi Y . When the logarithmic irregularity is strictly smaller than the dimension of the manifold, or equivalently the number of irreducible components of D are less or equal than the dimension of the manifold, much less is known for the general logarithmic Green-Griffiths conjecture. In [Rou03, Rou09] Rousseau dealt with the Kobayashi hyperbolicity of P 2 \ D where D consists of two irreducible curves of certain degrees. More recently, in [BD17] we proved a more general result concerning the hyperbolicity of the complement of a sufficiently ample divisor with several components. This result can be seen as a logarithmic analogue of a conjecture of Debarre, which was established by the first author and Darondeau in [BD18] and independently by Xie [Xie18] .
Let us now focus on the case of one component as in Conjecture 0.1. In the case n = 2, the first proof to Conjecture 0.1 was provided by Siu-Yeung [SY96] , with a very high degree bound, which was later improved to d 15 by El Goul [EG03] and d 14 by Rousseau [Rou09] . Building on ideas of Voisin [Voi96, Voi98] , Siu [Siu04] , Diverio-Merker-Rousseau [DMR10] , the first step towards the general case in Conjecture 0.1 was made by Darondeau in [Dar16b] , in which he proved the weak hyperbolicity of P n \D for general hypersurfaces D of degree d (5n) 2 n n . Very recently, based on his strategy outlined in [Siu04] , in [Siu15] Siu made an important progress towards Conjecture 0.1, in which he showed that P n \ D is Brody hyperbolic for D a general hypersurface of degree d d * n , where d * n is some (non-explicit) function depending on n. The goal of the present paper is to prove Conjecture 0.1 with an effective estimate on the lower degree bound d n . We also prove a Second Main Theorem type result, orbifold hyperbolicity of a general orbifold with one component and high multiplicity, and Kobayashi hyperbolicity of the cyclic cover of a general hypersurface of large degree.
Main Theorem (=Corollaries 4.6, 4.9 and 4.11). Let Y be a smooth projective variety of dimension n 2. f (r, D) + C log T f (r, A) + log r .
Here T f (r, A) is the Nevanlinna order function, N
f (r, D) is the truncated counting function, and the symbol means that the inequality holds outside a Borel subset of (1, +∞) of finite Lebesgue measure. general hypersurface D in P n of degree d 2n + 2, the cyclic cover X of Y obtained by taking the d-th root along D is algebraically hyperbolic.
Let us mention that in a recent preprint [RY18] , which appeared after the first version of the present paper was made publicly available, Riedl-Yang provide a short proof of Conjecture 0.1 with an effective bound on d n (which is slightly worse than the bound we give here). However, their proof relies heavily on a series of work by Darondeau [Dar16a, Dar16b, Dar16c ] whereas our proof is essentially self-contained.
Our approach is inspired by our previous works [Bro17, Den17, BD17] . Those works were motivated by the compact counterpart of Kobayashi conjecture, also conjectured in [Kob70] by Kobayashi: a general hypersurface X ⊂ P n of sufficiently high degree d d ′ n is Kobayashi hyperbolic. There are now several proofs of this result, [Siu15, Bro17] and more recently [Dem18] . Here we will provide a logarithmic counterpart to the approach of [Bro17] as well as the work [Den17] .
Let us now outline the main points of the proof of our main result. First we observe that the first statement of our main result will follow from the Brody hyperbolicity of Y \ D in view of a theorem of Green [Gre77] and the results established in [Bro17, Den17] . In order to control the entire curves in Y \ D we rely on the theory of logarithmic jet differentials. Logarithmic jet differentials on the pair (Y, D) are higher order generalizations of symmetric differential forms with logarithmic poles along D and provide obstructions to the existence of entire curves. Roughly speaking, in order to prove that Y \ D is Brody hyperbolic it suffices to construct many logarithmic jet differential forms on (Y, D) vanishing along some ample divisor and control their geometry. Let us also observe that in general it is critical to use higher order jet differentials and not merely logarithmic symmetric differential forms. In general one has to go at least to order k = dim Y (see e.g. [Div09, Theorem 8]).
Let us now explain the approach we use to construct logarithmic jet differential forms. For simplicity, we suppose until the end of this section that Y = P n and that A = O P n (1). The first step is to introduce higher order logarithmic connections. More precisely for any integer d 1, any smooth D ∈ |O P n (d)| and any k 0 we define the k-th order logarithmic connection associated to the pair (P n , D)
by setting , and for each I and i, one has α I,i ∈ H 0 P n , E GG i,i Ω P n (log D a ) ⊗ O P n (ε + kδ) . One should think of these elements as some holomorphic functions on some suitable logarithmic jet space P n k (D a ) (the logarithmic version of the Demailly-Semple jet tower constructed in [DL01] ). Once suitably interpreted, (0.4) allows us to construct a rational map where α •,i (w) := α I,i (w) |I|=δ ∈ H 0 P n , O P n (δ) , and Y is the universal complete intersections of codimension k and multidegree (δ, . . . , δ):
If one denotes by L the Plücker line bundle on the Grassmannian Gr k H 0 P n , O P n (δ) , by (0.5), for any m ∈ N * and for r large enough, the pull-back of every section in
induces a logarithmic jet differential equation on the pair (P n , D a ) vanishing along some ample divisor. Observe that when k n, the projection map Y → Gr k H 0 P n , O P n (δ) is generically finite, and thus the pull back of L to Y is a big and nef line bundle. Therefore, when m is large enough, there are many global sections of
Moreover, in view of a result of Nakamaye [Nak00] the base locus Bs L m ⊠ O P n (−1)| Y can be understood geometrically. Altogether this will allow us to control the geometry of the logarithmic jet differential forms we construct this way and eventually prove that for a general a and suitable restrictions on the different parameters, the pair (P n , D a ) satisfies a property which is Zariski open and implies, among other things, Brody hyperbolicity.
Let us however emphasize that there are many technical difficulties along the way. First of all, we are not able to work directly with the pair (P n , D a ), but with a pair (H a , D a ) which is biholomorphic to (P n , D a ) such that the family of all such pairs is easier to study. Secondly, the above rational map Φ a is not a regular morphism in general. Therefore the above strategy doesn't provide any information on what happens along the indeterminacy locus of this map but in order to obtain the strong hyperbolicity property we seek, we need some information on the entire logarithmic jet tower and not merely an open subset of it. Therefore as in [Bro17] , we introduce a suitable modification of the logarithmic jet tower obtained by blowing up a suitable ideal sheaf induced by the logarithmic Wronskian construction we introduce here. The main difficulty lies in the description of elements α I,i constructed above as holomorphic functions on the logarithmic Demailly jet tower. This forces us to introduce another version, more technically involved but more precise, of the logarithmic connections and the logarithmic Wronskians mentioned previously.
The paper is organized as follows. In § 1, we recall the technical tools in studying the hyperbolicity of algebraic varieties, especially the logarithmic Demailly jet tower and the invariant logarithmic jet differentials. § 2 is the main technical part of our paper. In this section, we develop our main tools in this paper: the higher order logarithmic connections and logarithmic Wronskians associated to families of global sections of a line bundle. We show that logarithmic Wronskians can be seen as a morphism from the jet bundle of a line bundle to the logarithmic invariant jet bundle. Based on this interpretation, we prove that for the ideal sheaf induced by the base ideal of logarithmic Wronskians, its cosupport lies on the set of singular jets in the log Demailly tower, and its blow-up is functorial under restrictions and families. This gives rise to a good compactification of the set of regular jets in the Demailly-Semple jet tower for the interior of the log pair. Using this construction we build a Zariski open property for the Brody hyperbolicity of the family of log pairs, and reduce our proof of the main theorem to find some particular examples. § 3 is devoted to the construction of the family of these particular hypersurfaces in (0.3). In § 4, we provide detailed proofs of the main theorem. We first prove (0.4) and (0.5), and show the existence of D a ⊂ P n satisfying the above Zariski open property when we adjust the parameters. To prove Main Theorems (ii) to (iv), we reduce the problems to the existence of sufficiently many logarithmic jet differentials with a sufficiently negative twist.
1. Jet spaces, jet differentials and jets of sections 1.1. Jet spaces and jet differentials.
1.1.1. Jet spaces. Let X be a complex manifold of dimension n. For any k ∈ N * , one defines J k X → X to be the bundle of k-jets of germs of parametrized curves in X, that is, the set of equivalence classes of holomorphic maps f : (C, 0) → X, with the equivalence relation f ∼ k g if and only if all derivatives f (j) (0) = g (j) (0) coincide for 0 j k, when computed in some (equivalently, any) local coordinate system of X near x. Given any f : (C, 0) → X, we denote by j k f ∈ J k X the class of f in J k X. There is a projection map p k : J k X → X defined by p k (j k f ) = f (0). Under this map, J k X is a C nk -fiber bundle over X. This can be seen as follows. Let U ⊂ X be an open subset. For any holomorphic 1-form ω ∈ Γ(U, Ω U ) and f : (C, 0) → U, we set f * ω := A(t)dt and define the following functional:
One immediately checks that this is well defined. In the particular case ω = dϕ for some ϕ ∈ O(U), one writes d
This construction allows us to see J k X as a C nk -fiber bundle over X. Indeed, given ω 1 , . . . , ω n ∈ Γ(U, Ω U ) generating Ω X at any point x ∈ U, then {d ℓ ω i } 0 ℓ k−1,1 i n gives rise to the local trivialization of p
In this case the projection to the second factor C nk is called the jet projection, and the natural coordinates of C nk are called jet coordinates. In particular, if (z 1 , . . . , z n ) are local holomorphic coordinates on U centered at a point x ∈ U, then dz 1 , . . . , dz k generates Ω U at each point of U. Any germ of curve f : (C, 0) → (X, x) can be written as
It follows from the trivialization (1.1.2) given by {d ℓ z j } 1 ℓ k,1 j n that the fiber p −1 k (x) can be identified with the set of k-tuples of vectors
Observe also that there is a natural C * -action on fibers of J k X defined by
With respect to the above trivialization, this action is described in jet coordinates by
1.1.2. Jet differentials. Let us now recall the fundamental concept of jet differentials. For X as above, any open subset U ⊂ X and any integer k 1, a jet differential of order k on U is an element P ∈ O(p −1 k (U)). The (non-coherent) sheaf of jet differentials is defined to be E
The C * -action can be used to define the notion of of weight for jet differentials: a k-jet
We thus define the Green-Griffiths sheaf E GG k,m Ω X of jet differentials of order k and weighted degree m to be the subsheaf of E GG k,• Ω X , of jet differentials of weight m with respect to the C * -action. With the above local coordinates, any element
k and where we used the usual multi-index notation with the weighted degree |α| := |α 1 | + 2|α 2 | + · · · + k|α k |. From this it follows at once that E GG k,m Ω X is locally free, and we shall denote the associated vector bundle by
which is in a natural way a bundle of graded algebras (the product is obtained simply by taking the product of polynomials).
Besides the multiplication, one can define for every k, m 0, a C-linear operator d :
The fact that dP is well defined and holomorphic follows from a local computation. This operator is coherent with the definition of d k above in the sense that for any holomorphic one form ω ∈ Γ(U, Ω U ) on some open subset U ⊂ X, and any k ∈ N * one has
In coordinates the operator d can be computed as follows. Take an open subset U ⊂ X with a coordinate chart (z 1 , . . . , z n ), and let P ∈ E GG k,m Ω X (U) represented in coordinates by the expression (1.1.3), then dP is given by
. . , α n j ). 1.2. Logarithmic jet spaces and bundles. Let X be a complex manifold (not necessarily compact), and let D = c i=1 D i be a simple normal crossing divisor on X, that is, all the components D i are smooth irreducible divisors that meet transversally. Such a pair (X, D) is called a (smooth) log manifold. One denotes by T X (− log D) the logarithmic tangent bundle of X along D. By definition, it is the subsheaf of the holomorphic tangent bundle T X consisting of vector fields tangent to D. One can then show that under our assumptions on D, T X (− log D) is a locally free sheaf. Let U ⊂ X be an open subset of with local coordinates (z 1 , . . . , z n ) such that for some 0 c
, . . . , ∂ ∂z n .
Consider the dual of T X (− log D), which is the locally free sheaf generated by
and denoted by Ω X (log D). The vector bundle Ω X (log D) is called the logarithmic cotangent bundle of (X, D). We denote by J k (X) the set of local holomorphic sections α : U → J k X of the k-jet bundle J k X → X, and J k (X, log D) the sheaf of germs of local holomorphic sections α of J k X such that for any ω ∈ Ω X (log D) x , (d j−1 ω)(α) are all holomorphic for any j = 1, . . . , k. J k (X, log D) is called the logarithmic k-jet sheaf and α is called a logarithmic k-jet field. Here we observe that for any meromorphic 1-form ω ∈ M (U, Ω X ), one can also define d i ω for any i = 1, . . . , k as (1.1.1), which can be seen as meromorphic sections of the fiber bundle J k X → X. It follows from [Nog86] (see also [NW14, §4.6 .3]) that there exists also a natural holomorphic fiber bundle J k (X, log D) such that (i) there is a fiber mapping λ :
(ii) the induced mapping between sections of holomorphic fiber bundles
is an isomorphism.
Let us denote by w 1 = log z 1 , . . . , w c ′ = log z c ′ , w c ′ +1 = z c ′ +1 , . . . , w n = z n . The notation log z i should be understood formally and is used to simplify the notation
. One then has another trivialization of J k (X, log D) ↾U is given as follows:
, which is also a locally free sheaf. The associated vector bundle is denoted by E GG k,• Ω X (log D), and is called k-jet logarithmic Green-Griffiths bundle. One also the following natural splitting
We will use another trivialization of E GG k,m Ω X (log D). First, let us begin with a lemma. Lemma 1.1. Assume that locally on an open subset of U ⊂ X with local coordinates (z 1 , . . . , z n ) such that D ∩ U = (z 1 = 0). Then for any j ∈ N,
is a logarithmic jet differential and moreover, any local section
Proof. Let us prove by induction that for any j 1 and any β = (β 1 , . . . , β j ) ∈ N j there exists b jβ ∈ Z such that
By definition, it holds for j = 1. Assume now that (1.2.6) holds for j. Then
and thus (1.2.6) holds also for j + 1. On the other hand, one will prove by induction on j that
By composing the projections we get for all pairs of indices 0 j k natural morphisms
(although this is not well defined when f ′ k−1 (t) = 0 one can easily extend this definition to every t in the domain of definition of f ). On the other hand, let G k be the group of germs of k-jets of biholomorphisms of (C, 0), that is, the group of germs of biholomorphic maps
in which the composition law is taken modulo terms t j of degree j > k. Then G k is a kdimensional nilpotent complex Lie group, which admits a natural fiberwise right action on J k V . The action consists of reparameterizing k-jets of maps f : (C, 0) → (X, V ) by a biholomorphic change of parameter ϕ :
the space of regular k-jets tangent to V , there exists a natural morphism
whose image is an open set in P k V denoted by P k V reg ; in other words, P k V reg ⊂ P k V is the set of elements f [k] (0) in P k V which can be reached by regular germs of curves f . It was proved in [Dem97, Theorem 6.8] that G k acts transitively on J reg k V , and thus P k V reg can be identified with the quotient J reg k /G k . Moreover, the singular k-jets, denoted by P k V sing := P k V \ P k V reg , is a divisor in P k V . In summary, P k V is a smooth compactification of J reg k /G k . As will become clear later, and as was observed in [Dem97, §7] , when dealing with hyperbolicity questions, the locus P k V sing is in some sense irrelevant. Let us recall the following theorem by Demailly which is a crucial tool in our paper. 
In fact, the isomorphism (1.3.9) can be understood explicitly in view of Theorem 1.2.(i). With the notation therein, for any given local invariant jet differential P ∈ E k,m V * (U), the inverse image under (π 0,k ) * is the section σ P ∈ Γ U w 0 , O P k V (m) ↾Uw 0 defined by
1.4. Logarithmic Demailly-Semple bundle. In [DL01] , Dethloff-Lu extended the DemaillySemple tower to the logarithmic setting. They used it in particular to reprove the Brody hyperbolicity of complements of ample divisors in the abelian varieties. Following [DL01] , a logarithmic directed manifold is a triple (X, D, V ) where (X, D) is a log manifold, and V is a subbundle of T X (− log D). In this section, we will recall for the reader's convenience Dethloff-Lu's construction of the logarithmic Demailly(-Semple) k-jet tower associated to any logarithmic directed manifold.
A log directed morphism between log directed manifolds (
For any fixed order k, as the Demailly-Semple bundle, the logarithmic Demailly k-jet tower
which is a simple normal crossing divisor, and induces a morphism
is the tautological line bundle, which by definition is also a subbundle of (π k−1,k )
by definition. This gives the following short exact sequence of vector bundles over
Furthermore, we have the Euler exact sequence for projectivized bundles
By definition, there is a canonical line bundle morphism
Let us denote by π j,k :
Let us define E k,m Ω X (log D) to be the subsheaf of E GG k,m Ω X (log D) which consists of invariant logarithmic differential operator. The associated vector bundle is denoted by E k,m Ω X (log D).
The log Demailly tower is of great importance in the study of the algebraic degeneracy of entire curves on X \ D, granting the following direct image formula in [DL01, Proposition 3.9]
The following fundamental result shows that the logarithmic jet differentials vanishing along some ample divisor provides obstructions to the existence of entire curves in the complement. Theorem 1.4 (Dethloff-Lu, Siu-Yeung). Let X be a smooth complex projective variety with D ⊂ X a normal crossings divisor on X, and X k (D) denotes to be the log Demailly k-jet tower of X, D, T X (− log D) . For any non-constant entire curve f : C → X \ D avoiding D, any ample line bundle A on X, any a 1 , . . . , a k ∈ N and any
1.5. Jet bundle of a line bundle. We recall here the basic definitions and properties of jet bundles of a line bundle (we refer to [Gro66, §16.7] for a detailed presentation). Let X be a complex manifold, and let L be a line bundle on X. For any integer k 0, on defines the k-th order jet bundle J k L of L as follows. Consider the product X × X with the canonical projections pr 1 , pr 2 on the first and second factors. Let ∆ X ⊂ X × X be the diagonal and
It can be shown that this is a locally free sheaf on X such that for an x ∈ X, the fiber at
This construction is also functorial in the following way: given a complex manifold Y and morphism ϕ : X → Y , one obtains a natural morphsim of O X -modules
induced by the commutativity of the diagram
and the fact that (ϕ × ϕ)
We shall need the following elementary proposition.
Moreover, j k h is an isomorphism whenever h is an isomorphism.
Proof. The morphism j k h is just the push-forward under pr 1 of the morphism
induced by h. The second assertion follows at once.
Observe that there exists a C-linear morphism
which is not a morphism of O X -modules, defined, at the level of presheaves, as the composition, for any open subset U ⊂ X,
More explicitly, for any s ∈ L(U), the section j
This map can also be understood more explicitly in coordinates. Take an open subset U ⊂ X, up to considering a trivialization of L ↾U , one is reduced to understand
Here, we use the
The following definition will be used in the sequel.
Definition 1.6. Let X be a complex manifold and let L be a line bundle on X. We say that L separates k-jets at every point of X if the natural morphism
is surjective. Observe that this condition is equivalent to the surjectivity, for every x ∈ X of the natural map
Observe that if L is a very ample line bundle on X, then L k separates k-jets at every point of X.
Higher order logarithmic connections and logarithmic Wronskians
2.1. Wronskians. Let us recall here the Wronskian constructions initiated by the first named author in [Bro17] and later reinterpreted by the second named author in an alternative way in [Den17] . Let X be a complex manifold, and let L be a line bundle on X. Let k 1 be an integer and take global sections s 0 , . . . ,
Then for every open subset U ⊂ X on which L is trivialized, by considering the holomorphic functions s 0,U , . . . , s k,U ∈ O(U) associated to s 0 , . . . , s k under our choice of trivialization, we consider the Wronskian
Denote by k
, and that those locally defined elements glue together into a global section
, it was proved that there exists a morphism of O X -modules
3, we will construct a logarithmic counterpart of Wronskians.
2.2. Higher order logarithmic connections. Let X be a complex manifold. Let L be a line bundle on X and suppose that there exists
The second equality has to be understood locally, i.e. if the open subset U over which L is trivialized, and if we denote by s U , σ U ∈ O(U) the holomorphic functions associated to s, σ, then one sets
This object is well defined since s σ is a meromorphic function on X and that the local description shows that it has logarithmic poles along D. Let us mention that in our paper [BD17] we apply this construction to prove Theorem 0.2.
More generally, for every k 0, one can define a C-
Observe that ∇ 
We will need the following elementary, yet crucial, observation: for any k 1, one has
Lastly let us observe that locally (with the above notation) one can use the Leibniz rule to
we have the following proposition. Proposition 2.1. With the above notation. There exists a morphism of O X -module
The k-th order jet space of X × X naturally splits as
, for any k 0.
As before, the last equality has to be understood locally and one verifies that this is well defined. Observe that for any open subsets V ⊂ X × X and U ⊂ X such that π 1 (V ) ⊂ U, and for any
A local computation now proves that for any open subset U ⊂ X × X and every element
and by applying π 1 * , we obtain a C-linear morphism
2 L is the map induced by π 2 . Moreover, if one denotes σ 1 : X → ∆ the canonical lift, one has by definition that ι = σ * 1,k is just the isomorphism induced by σ 1 and that therefore
2.3. Logarithmic Wronskians. Let X be an n-dimensional complex manifold endowed with a line bundle L. Suppose that there exists a smooth hypersurface D ∈ |L| defined by a section
We shall shortly see that in fact these elements define in fact global sections of
by setting
Here we use for any 1
This construction is related to the (non-logarithmic) Wronskian in the following way. 
Proof. On proves by using elementary operations on the lines and Leibniz relation (2.2.5), that for any
Then one applies this equality to g 0 = σ D and use relation (2.2.4) and Proposition 2.1 to prove that for any p 1,
The lemma follows by expanding the determinant with respect to the first column.
In particular, we see that the morphism
which we shall denote (slightly abusively) by j k W D in the rest of this paper. Therefore, by Proposition 2.1 we obtain also that for any s 1 , . . . ,
By (1.4.13), there exists a unique global section
. These observations will be refined even further in the next section. If Y is a submanifold of X which is transverse to
In particular, for any s 1 , . . . , s k ∈ H 0 (X, L), one has
2.4. Higher order log connections as local functions on the log Demailly tower. Take X, L and D as in the previous subsection. Fix a positive integer k 1. Consider the log Demailly k-jet tower X k (D) associated to X, D, T X (− log D) . Recall that given any
The drawback of using (1.4.13) is that the element ω D (s 1 , . . . , s k ) is not fully explicit, since the isomorphism in loc. cit. is not completely explicit.
To be more precise, on X \ D this isomorphism coincides with (1.3.9), and can therefore be understood in view of Theorem 1.2.(i) and (1.3.10). However, (1.4.13) is only obtained indirectly in a neighborhood of a point of D. On the other hand, during the proof of our main result, we will need an explicit description of ω D (s 1 , . . . , s k ) at every point. For this reason, we provide here an alternative way, closer to Demailly's philosophy of directed pairs, to describe this element. To be more precise, we will construct an element
is the effective divisor defined in (1.4.12).
The starting point of our construction is the following. Let (X, D, V ) be a log directed manifold, and let ( X, D, V ) be the derived log directed manifold via the 1-jet functor as defined in § 1.4. Consider open subsets U ⊂ X and U ⊂ X such thatπ( U ) ⊂ U. Suppose that we are given a trivialization of O X (−1) ↾ U induced by a nowhere vanishing section ξ ∈ Γ U, O X (−1) and suppose moreover, that we are given a trivialization of L ↾U under which the section σ D corresponds to a holomorphic function σ U ∈ O(U). Then, given any f ∈ O(U), we can define
Thus we obtain an elementπ
Note that since we have inclusions
we can see ξ as an element in Γ( U ,π
Observe that thisf depends strongly on the choice of trivializations. This procedure can now be extended by induction on the higher order log Demailly tower. Consider a log-manifold (X, D) and write L = O X (D). Consider the log Demailly tower
Let U = (U, σ U ), (U j , ξ j ) 1 j k be a trivialization tower of order k and let f ∈ O(U) be a holomorphic function on U. Then on can define for any 0 j k, a holomorphic function
where we observe that (π * 0,j σ U = 0) ∩ U j defines D j ∩ U j . Here again these functions all depend in a critical way of the choice of trivialization tower U.
Consider now global sections s 1 , . . . , s k ∈ H 0 (X, L). Let us fix a trivialization tower U and let s 1,U , . . . , s k,U ∈ O(U) be the local representatives of s 1 , . . . , s k under our choice of trivialization for L ↾U (i.e.
Here we abusively write
The key point is that these locally defined objects can be glued together.
More precisely, for any trivialization tower U of order k, one has
Moreover, under the natural inclusion
The proof of this result relies on the following technical lemma.
Lemma 2.4. For any trivializing tower U = (U, σ U ), (U j , ξ j ) 1 j k and any integers 1 j < p k, there exists a holomorphic function β j,p ∈ O(U p+1 ) such that for any f ∈ O(U) one has
Proof. By definition of the log Demailly jet tower, the differential of the map π j,p induces a morphism
The proof of the lemma is then reduced to the following computation:
Proof of Proposition 2.3. Consider two trivialization towers
) be the transition map from U 2 to U 1 induced by our choice of trivializations for L, so that for any global section s ∈ H 0 (X, L),
For
The key point in this formula is that P p j does not depend on s. From this, and from elementary operations on the lines in the determinant defining ω U i (s 1 , . . . , s k ), it will follow that
which concludes the proof of the first statement of the proposition.
We will establish (2.4.14) by induction on p. For p = 0 this is just (2.4.13). Take 0 p < k and suppose that formula (2.4.14) holds for p. Take s ∈ H 0 (X, L). Recall that
. On the other hand, one has
Observe that, using our induction hypothesis, the term
) is of the form allowed in formula (2.4.14) to be considered as an error term for the rank p + 1. Therefore it only remains to prove that
is of the form announced in (2.4.14). To lighten the notation we will now write
. By induction one has
Before continuing, observe that for any f 1 , f 2 ∈ O(U 12 p ), one has (by an immediate computation)
) is of the form allowed in the last term of formula (2.4.14) at rank p + 1. Therefore, the proof of formula (2.4.14) will be completed if one
where β j,p is the function appearing in Lemma 2.4 applied to the trivialization tower U 2 . This concludes the proof of (2.4.14).
To conclude the proof of the proposition, it remains to prove that ω
.(i).
Let U ⊂ X \ D be an open set with local coordinates (z 1 , . . . , z n ). Take a trivialization of L ↾U such that σ D is identically equal to 1. It follows from [Dem97, Proof of Theorem 6.8] that
Indeed, consider the family of holomorphic curves
defined by . To be precise, the map γ is only defined on a open neighborhood of U × C (n−1)k × {0} in U × C (n−1)k × C, but this subtlety will be irrelevant as we will only consider the k-jets of each γ (w,z) at the point 0.
In this setting, we will prove that its k-th lift (γ (w,z) ) [k] (0) gives a holomorphic embedding
whose image is an open subset. Let us take a special trivialization tower of order k, denoted by U = (U 0 , σ U ), (U j , ξ j ) 1 j k in the following way: , . . . , e
(1)
Then one has (π 0,1 ) * e
(1) n = ξ 1 , and π 0,1 z; z
1 , . . . , z
n−1 . Here we write z (1) = (z
1 e
Then one has (π 1,2 ) * e (2) n = ξ 2 , and π 1,2 z; z (1) , z
n−1 = z; z (1) . (iv) Inductively, one can define U p with coordinates z; z
(1) , . . . , z (p) ) ∈ U × C (n−1)p such that for any j < p, π j,p z; z
(1) , . . . , z (p) = z; z (1) , . . . , z (j) and
Then (π j,p ) * (ξ p ) = ξ j . In particular, by (1.4.11) and (1.4.12), for any 1 j < p, there is an isomorphism
In this setting, one can prove that, within the coordinates for U k , the k-th lift (
reg whose image is the open subset U k , and under the trivialization tower of order k, τ k is an identity map. Moreover, (γ (w,z) )
. Hence a straightforward computation shows that if we identify the parameter space C (n−1)k × U of γ (w,z) (t) with U k by
then for any f ∈ Γ(U, O U ) and for any j = 1, . . . , k one has
where the last equality is due to σ U = 1. Note that
follows by continuity that they also coincide on π −1 0,k (U). Therefore it follows that these two sections coincide on π −1 0,k (X \ D) and therefore they also coincide on the whole space X k (D):
The proposition is thus proved.
2.5. Logarithmic Wronskian ideal sheaf. Recall that in (2.3.7), we defined the log Wronskian morphism
By (1.4.13) for any m ∈ N there exists a natural morphism
We denote by w X k (D) the image of the composition
which is a coherent ideal sheaf on X k (D). w X k (D) will be called the k-th logarithmic Wronskian ideal sheaf associated to the log manifold (X, D). Let us denote by
One thus has the following result
Proof. For any s 1 , . . . , s k ∈ H 0 (X, L), let us define the natural linear map
It follows from the definition that
Hence by the definition of w X k (D) and the fact (
In other words, the base ideal of W k,L belongs to w X k (D) .
On the other hand, since L separates k-jets everywhere on X, the set of global sections
is a surjective morphism between sheaves of O X -modules. Therefore, the set of sections Let us now give a more detailed local description of these objects. Let D n be the (unit) polydisc, and denote by E := {(z 1 , . . . , z n ) ∈ D n | z 1 = 0}. As in (2.3.7), we define a morphism of O D n -module associated to the log pair (D n , E)
to be the morphism of O D n -module induced by the following map
Fix an open covering U of X such that for any open set U ∈ U, L ↾U can be trivialized and such that one has the following dichotomy:
(1) (U, D ∩ U) is biholomorphic to (D n , E), and under the trivialization of L ↾U , σ D = z 1 . (2) U ∩ D = ∅, and under the trivialization of L ↾U , σ D = 1. It follows from the very definition that one has the following local trivialization of the morphism
Therefore, we conclude that the local models of the logarithmic Wronskians are universal. Let us denote by D n k (resp. D n k (E)) the (resp. logarithmic) Demailly-Semple k-jet tower of (D n , T D n ) (resp. D n , E, T D n (− log E) ). By (1.4.13), there are natural morphisms of
Set W k,E and W k to be the images of J k W E and J k W . Therefore,
whose images are coherent ideal sheaves, which we denote by
respectively. This local description will be used to establish a certain universal property in § 2.7.
2.6. Universal property of logarithmic Wronskian ideal sheaves. Let us begin with the following setting. Let A be a very ample line bundle over a smooth projective manifold Y , and let L be the total space of the line bundle A m for some m ∈ N * . Denote by p : L → Y the natural projection map with L := p * A m , and T ∈ H 0 (L, L) the tautological section such that T (x) = x for any x ∈ L. Note that Y can be seen as the smooth hypersurface of L defined by {x ∈ L | T (x) = 0}. Then according to § 2.2, there exists for any k ∈ N a natural higher order logarithmic connection
, it follows from (2.3.6) that one has the associated logarithmic Wronskian
By (1.4.13), there exists a unique section in
where L k denotes to be the log 
where Γ k is an effective divisor of L k defined in (2.4.17). Consider the linear systems
and define w k,L,Y and w ′ k,L,Y to be their base ideal. By (2.6.19), one has
We will study the properties of j k W L,Y locally. Take an open set U with coordinates (z 1 , . . . , z n ) such that A ↾U can be trivialized. Then there are local coordinates (t, z 1 , . . . , z n ) for p −1 (U) ≃ U × C, such that L ↾p −1 (U ) is trivialized with T ↾p −1 (U ) = t. Hence the divisor Y ∩ p −1 (U) is defined by the local equation (t = 0). One thus can regard U as a smooth divisor in p −1 (U) defined by (t = 0). For any k ∈ N, write ∇ k U : O U ×C → E GG k,k Ω U ×C (log U) for the higher order logarithmic connection defined in (2.2.3). In view of (2.3.6) we define
where p U : U × C → U is the natural projection map. By Lemma 2.2, one has
does not contain any d ℓ log t, therefore (2.6.22) induces a morphism between locally free sheaves of O p −1 (U ) -modules
so that W p −1 (U ),U factors through this morphism. If we use the basis for the local trivialization of E GG k,k ′ Ω U ×C (log U) in Lemma 1.1 and the standard basis for the trivialization of J k O U induced by the coordinates system (z 1 , . . . , z n ), then by (2.6.23), j k W p −1 (U ),U is represented by a constant matrix with respect to these trivializations. In particular, the image of j k W U , denoted by W k,U , is a locally free sheaf. In this setting,
As in Proposition 2.5, one has the following Proposition 2.6. For L := p * A m , when m k, the ideal sheaf w k,L,Y coincides with the image
where O L k (1) denotes to be the tautological line bundle defined in § 1.4.
Proof. For any s 1 , . . . , s k ∈ H 0 (Y, A m ), one has the following natural linear map from the global sections to their k-jets
Here we write j k instead of j k A m to lighten the notation. Recall that
and thus by the definition of w k,L,Y and the fact (
On the other hand, since A is very ample and m k, then A m generates k-jets, and the set
Y is a surjective morphism between sheaves of O L -modules. Therefore, the set of sections
, and one thus has w k,L,Y ⊇ Im(ϕ k ). This implies the result.
2.7. Universal family of log Demailly towers of general log pairs and its blow-up. As we did in [BD17] , the construction of the log pair (L, Y ) enables us to "linearize" the family of log manifolds (Y, D) with D varying in the linear system |A m |. Indeed, for any σ ∈ H 0 (Y, A m ), consider the hypersurface H σ ⊂ L defined to be the zero locus of the section
When the zero locus D σ of σ is a smooth hypersurface on Y , H σ will also be smooth. A crucial observation is that
is a biholomorphism between log manifolds, and the hyperbolicity of Y \ D σ is therefore equivalent to that of H σ \ D σ . Moreover, we have the functoriality of the logarithmic Wronskians ideal sheaves.
Lemma 2.7. We denote by H σ,k the log Demailly k-jet tower of H σ , D σ , T Hσ (− log D σ ) , and let w H σ,k be the k-th logarithmic Wronskian ideal sheaf of H σ,k defined in § 2.5. When m k, we have
Then p σ induces an isomorphism of linear spaces of global sections
s → p * σ s. By the functoriality of the logarithmic Wronskians in (2.3.10), for any s 1 , . . . ,
We note that when m k, A m generates k-jets everywhere on Y , therefore so does L σ . The lemma then follows immediately from Proposition 2.5.
Now let us consider the universal family of hypersurfaces
and define the family of hypersurfaces in Y by . We denote by F and
By the universal property of the blow-up, one has the commutative diagram
The following lemma enables us to reduce the desired "general Kobayashi hyperbolicity" to a construction of a particular example satisfying a strong Zariski open property. By the local description of the logarithmic Wronskian ideal sheaves established in § 2.5, via the isomorphism Φ one has
This implies the result of the lemma.
On the other hand, for any sections s 1 , . . . , s k ∈ H 0 (Y, A m ), by (2.6.20) and (2.7.24) there exists a (unique) sectioñ
We will also need the following crucial lemma.
Lemma 2.9. For any sections s 1 , . . . , s k , s
is an isomorphism, where k(x) is the residue field of L at x. By the assumption that j
Hence for any x ∈ p −1 (y), one has
and we conclude that ω log (s 1 , . . . , s k ) ↾L k,y = ω log (s ′ 1 , . . . , s ′ k ) ↾L k,y . It now suffices to observe that the co-support of the ideal sheaf w k,L,Y does not contain the fiber L k,x . Indeed, the announced statement will follow at once by continuity. To see this, it suffices to take coordinates (z 1 , . . . , z n ) centered at y = p(x) and consider the functions z 1 , . . . , z k 1 in a neighborhood of y. A direct computation then shows that ω log (z 1 , . . . , z k 1 ) ↾L k,x is not identically zero, which implies the announced result.
Main constructions
3.1. Fermat type hypersurfaces and associated pairs. To begin with, we construct a family of hypersurfaces in Y parametrized by certain Fermat type as in [Bro17] . Let A be a very ample line bundle on Y . For an integer N n = dim(Y ), we fix N + 1 sections in general position τ 0 , . . . , τ N ∈ H 0 (Y, A). By "general position" we mean that the divisors defined by (τ j = 0) j=0,...,N are all smooth and meet transversally. For any two positive integers ε, δ, set
For two positive integers r and k fixed later according to our needs, consider the family D → A of hypersurfaces in ε + (r + k)δ A defined by the zero locus of the bihomogenous sections
where (a I ) |I|=δ varies in the parameter space A, and τ := (τ 0 , . . . , τ N ). For any a ∈ A, let us write D a for the fiber of the family D → A.
, and write L := p * A m . With the same notation in loc. cit., consider the family of hypersurfaces H → A in L defined by the vanishing of the section
For any a ∈ A, write H a := (T − p * σ(a) = 0) ⊂ L. By [BD18] there exists a non-empty Zariski open subset A sm ⊂ A such that D a is a smooth hypersurface for any a ∈ A sm , and so is H a . Let us now shrink the family H (resp. D) to A sm , and let us denote abusively H → A sm (resp. D → A sm ) this restricted family. Since we can see D as a hypersurface in H defined by the equation (T = 0). Then, by the choice of A sm , D is a smooth hypersurface of H and moreover, (H , D) → A sm is a smooth family of log pairs.
Let us define H k to be the log Demailly k-jet tower of (H , D, T H /Asm (− log D)). Under the natural inclusive morphism
For any a ∈ A sm , the fibers of H k → A sm and H k → A sm are denoted by H a,k and H a,k respectively. Observe that in view of Lemma 2.8, this notation is consistent in the sense that H a,k is indeed the blow-up of H a,k along the logarithmic Wronskian ideal sheaf w H a,k .
3.2. Mapping to the Grassmannians. Consider the log pair (L, Y ) defined in § 3.1 equipped with the line bundle L := p * A m . By (2.2.3), one can define the higher order logarithmic connection
As in § 2.4, let us take a trivialization tower U = (U, T U ), (U j , ξ j ) 1 j k of order k. A straightforward induction implies the following Lemma 3.1. For any I ∈ I and for any 1 j k, there exist C-linear maps
Therefore, for any I 1 , . . . , I k ∈ I and any a I 1 , . . . ,
It then follows from Lemma 3.1 that
to be the inverse image of (π 0,k ) * under the isomorphism (1.4.13), then
Moreover from Proposition 2.6 one can deduce at once Lemma 3.2. The section ω log,I 1 ,...,I k (a I 1 , . . . , a I k ) vanishes along w k,L,Y . In other words,
where w k,L,Y is the ideal sheaf defined in § 2.6.
Proof. By (3.2.1), one has
where we recall that W k,L,Y is the image of the morphism j k W L,Y defined in (2.6.21). Then the base ideal of ω log,I 1 ,...,I k (a I 1 , . . . , a I k ) belongs to the ideal sheaf of O L k defined by the image of the morphism
Note that the image of the above morphism coincides with that of the following one
The lemma follows immediately from Proposition 2.6.
Recall that we define ν k : L k → L k to be the blow-up of the ideal sheaf w k,L,Y . By Lemma 3.2 and (2.7.25) there exists a unique By definition ω log,I 1 ,...,I k (a I 1 , . . . , a I k ) is alternating with respect to (I 1 , . . . , I k ) . We then can define a rational map
The map Φ can also be interpreted explicitly using our intrinsic construction in § 2.4. Let us fix a tower trivialization U of order k. If we denote by
for any 1 i k, then we can define another rational map locally by
..,I k ∈I and this is indeed the localization of Φ.
Proof. Let us define
which corresponds to the Plücker coordinate of Pluc • Φ U . By Lemma 3.1, one has
It follows from Proposition 2.3 that under the trivialization of U, one has
is the holomorphic function defining Γ k via the trivialization of U. By (3.2.2) we conclude the proof of the lemma.
Remark 3.4. By the proof of Lemma 3.3, one can glue ω U,I 1 ,...,I k (a I 1 , . . . , a I k ) together to obtain a global section
Consider the following rational map
is a isomorphism, one has Φ = Φ • ν k outside Supp(F ), and by the fact that L k is irreducible, this implies that Φ also factors through the Plücker embedding, which is also denoted by Φ. One thus has the following commutative diagram
3.3. Partially resolving the indeterminacy. In this subsection, we will find a local and linear description for Φ, and use this to prove that ν k partially resolves the indeterminacies of rational map Φ in the same spirit as [Bro17, Lemmata 3.6 & 3.7].
Lemma 3.5. Fix any ε k and any N > n. For anyw 0 ∈ L k , there exists an open neighborhood Uw 0 ofw 0 such that we can define C-linear maps
for any I ∈ I and p = 1, . . . , k satisfying the following conditions.
k to be the natural projection map, where
Define a linear map
where #I y denotes to be the cardinality of I y .
Proof. Set w 0 := ν k (w 0 ), x 0 = π 0,k (w 0 ) and thus y = p(x 0 ). Since m := ε + (r + k)δ k, by Proposition 2.6 there exist b 1 , . . . ,
, thus by abuse of notation, we also write ∇ i U (σ) as a holomorphic function on Uw 0 under the pull-back
It follows from Lemma 3.1 that, for any p = 1, . . . , k, one can define I (b 1 , . . . , b p−1 , a I , b p+1 
. By (2.7.26), there exists a unique holomorphic sectioñ
On Uw 0 , within the trivialization of U, we now define
where the second equality is due to (2.7.26). Hence ℓ p I (a I ) are all holomorphic functions over Uw 0 . Consider the matrix of functions G(w) over Uw 0 defined by
then by definition, one has
For any I 1 , . . . , I k ∈ I, on Uw 0 one has
where the last equality is due to (2.7.26) and (3.2.4). This implies Lemmas 3.5.(i) and 3.5.(ii).
In order to prove Lemma 3.5.(iii), we first observe that the linear map ϕw 0 is block with respect to I ∈ I. Thus set
Note that A ε generates k-jets everywhere on Y by the assumption that ε k. For any I ∈ I y , by the definition of I y one has τ I (y) = 0, and one can therefore take c 1 ,
for any i = 1, . . . , k. It follows from Lemma 2.9 that
This implies that rank ϕ I = k. Lemma 3.5.(iii) immediately follows from that ϕw 0 := I∈I ϕ I . We finish the proof of the whole lemma.
Let us apply Lemma 3.5 to show thatΦ(a, •) : L k Gr k (C I ) is a regular morphism for general a ∈ A when we choose the parameters N, δ, k properly. 
Proof. By (3.2.5) the indeterminacy locus of Φ is contained in the subvariety = dim A − k#I y + (k − 1)(#I y + 1)
Here we observe that #I y N −n+δ δ δ + 1 for any y ∈ Y when N > n. Let us define A def := A \ pr 1 (Z) ∩ A sm , which is a Zariski dense open set of A. By the definition of Z, we conclude thatΦ(a, •) : L k → Gr k (C I ) is a regular morphism for any a ∈ A def .
Proof of the main results
4.1. Associated universal complete intersection variety. We are now in position to introduce the main geometric framework used during the proof of our main result. As in [BD18, Bro17, Den17, BD17] we rely on the universal complete intersection variety associated to our problem defined by
where we fix the parameter N = k = n + 1 now. Let us write Gr
simplicity. For technical reasons, we will also need to adapt this construction to the stratification on Y induced by the vanishings of the τ j 's. To do this, let us define for any J ⊂ {0, . . . , k}, 4.2. Factorization through the universal complete intersection variety. Let us now relate this universal complete intersection to our special families of Fermat type pairs constructed in the previous sections by considering the morphism
Recall the definition of the (restricted) families H k → A def and H k → A def and denote, for any J ⊂ {0, . . . , k},
For any a ∈ A def , let us denote by H a,k,J and H a,k,J the fiber above a of H k,J and H k,J respectively. One then has the crucial factorizing property of Ψ.
Lemma 4.1. For any J ⊂ {0, . . . , k}, when restricted to H k,J , the morphism Ψ factors through
Proof. It suffices to prove that Ψ restricted to L k,J × A def factors through Gr k × P J and that Ψ restricted to H k factors through Y . The first claim is straightforward to prove. For the second one, since Φ = Φ • ν k , it suffices to prove that the rational map
factors through Y when restricted to H k . Let us take a trivialization tower U of order k as in § 2.4. Pick any a ∈ A def . Recall that H a is defined by the vanishing of the section
Then over H a,k ∩ U k , for any i = 1, . . . , k one has
where the last equality is due to Lemma 3.1, and we denote by τ U k the pull-back of trivialization of τ under L ↾U to U k . By the alternative definition of Φ in Lemma 3.3, we conclude the first claim. The second claim of the lemma follows directly from Lemma 3.6.
4.
3. An effective Nakamaye type result. Let us denote by pr 1 , pr 2 the projection on the first and second factor of Gr k × P k , and let us consider the Plücker line bundle L on Gr k . By definition, one has L := Pluc * O P(Λ k (C I )) (1) where Pluc : Gr k ֒→ P Λ k (C I ) denotes the Plücker embedding. The use of the universal complete intersection in our situation is justified by the following formula: for any d ∈ N, one has
where we write
gives rise to a logarithmic jet differentials vanishing along an ample divisor of Y . Of course, there may not exist such global sections due to the presence of the negative twist pr * 2 O P k (−1). However, observe that the line bundle L is ample on Gr k and the projection pr J : Y J → Gr k is generically finite, therefore, pr * J L = pr * L ↾Y J is big and nef for any J ⊂ {0, . . . , k} and therefore, for d large enough, there are many global sections of the line bundle
In view of the factorization property established in the previous section, we obtain that for any J ⊂ {0, . . . , k}, any integer m and any a ∈ A def ,
These considerations lead us to study the right hand side in this formula. Since pr for d large enough. To determine an explicit bound for the values of d satisfying this formula is critical in order to obtain an effective bound on the degree in our main theorem. While we don't know a bound for this exact problem, the second named author was able in [Den17] to obtain the following bound for a slightly weaker inclusion sufficient for our purposes.
Theorem 4.2 ([Den17]
). For any d δ k−1 , and any J ⊂ {0, . . . , k}, the base locus of the line bundle 
and y = p(x 0 ). Then we have I J = I y , and we define the following analogues of Y parametrized by affine spaces
Here we use the identification
We take the linear mapφw 0 :
• (a,w 0 ) defined in Lemma 3.5 so that, for any a ∈ A def , we havẽ
by putting the above inequalities together, one obtains
By a result due to Benoist (see [Ben11] or [BD18, Corollary 3.2]), we have Theorem 4.4. Same notation as above. For any a ∈ A nef , the line bundle
and hence there exists a non-empty Zariski open subset
is nef on H a,k .
Proof. It suffices to show that for any irreducible curve C ⊂ H a,k , one has
By (4.3.2) this is equivalent to
Let J ⊂ {0, . . . , k} be such that H a,k,J contains a non-empty open subset C • of C (there exists a unique such J). By the factorization property in Lemma 4.1, one has Ψ(C) ⊂ Y J . Moreover, by Lemma 4.3, we see that
and therefore it follows from Theorem 4.2 applied to m = δ
from which (4.5.5) follows at once.
Observe that Theorem 4.4 implies the following result.
Corollary 4.5. Same notation as above. There exists β,β ∈ N such that for any α 0, and for a general hypersurface D ∈ |A ε+(r+k)δ |, denoting by Y k (D) the log Demailly k-jet tower associated to Y, D, T Y (− log D) , the stable base locus
Proof. Fix any a ∈ A nef . Observe now that there existsβ, a 1 , . . . , a k , q ∈ N such that the line bundle
is ample, where µ a,k : H a,k → H a,k is the blow-up of the logarithmic Wronskian ideal sheaf w H a,k . By Theorem 4.4 as well as the functorial properties for the restriction of Wronskians in (2.3.10) and the blow-up of logarithmic Wronskian ideal sheaves in Lemma 2.8, for any α ∈ N the line bundle 
, and µ σ,k : H σ,k → H σ,k denotes to be the blow-up of the k-th log Wronskian ideal sheaf w H σ,k . By our construction of H σ , the log pairs (H σ , D σ ) and (Y, D σ ) are isomorphic. Hence the line bundle
is ample as well, where we denote by Y k (D σ ) the blow-up along the Wronskian ideal sheaf w Y k (Dσ) . In particular, its stable base locus is empty, which implies that the stable locus
is contained in the cosupport of the logarithmic Wronskian ideal sheaf w Y k (Dσ) , which is con-
by Proposition 2.5. Now it suffices to take β = a 1 + · · · + a k and apply the relation (1.4.12) to conclude that the stable base locus of the line bundle
parameterizing all smooth hypersurfaces, where we recall m := ε + (r + k)δ. A amp therefore parametrizes a general hypersurface in |A m |, whence the result.
From Corollary 4.5 the first statement of our main theorem follows at once.
Corollary 4.6. Let Y be a projective manifold of dimension n 2, and A a very ample line bundle over Y . Then for any
Proof. Recall first that a result of Green [Gre77] guaranties that if D is a smooth hypersurface in Y such that D and Y \ D are both Brody hyperbolic, then Y \ D is hyperbolically embedded. Moreover, under the assumption of the corollary, it was established in [Bro17, Den17] , that D is (Brody) hyperbolic, therefore it remains to prove that Y \ D is Brody hyperbolic. To see this we will just give an explicit bound on the degrees ε + (r + k)δ covered by Corollary 4.5. Therefore recall that we have k = n + 1, and take δ = (k + 1)n + k = n 2 + 3n + 1 and set
By the basic inequality
one can show that any m (r 0 + k)δ + 2δ can be written in the form m = ε + (r + k)δ with k ε k + δ − 1, and r > δ k−1 k(ε + kδ). In particular, applying Corollary 4.5 for α large enough and applying Theorem 1.4, we see that for general hypersurface D ∈ |A m |, Y \ D are Brody hyperbolic. In order to obtain an explicit bound on m it then suffices to give a bound on (r 0 + k)δ + 2δ:
(r 0 + k)δ + 2δ = δ k−1 (δ + 1) 2 + k + 2 δ < (n + 2) n+3 (n + 1) n+3 ∼ n→∞ e 3 n 2n+6 .
4.6. Application to value distribution theory. In this section, we show how Corollary 4.5 allows us to obtain a result in Nevanlinna theory. Let us recall the main definition used in Nevanlinna theory and refer the reader to the book [NW14] for a detailed presentation. Let X be a projective manifold and let A be an ample line bundle on X endowed with a smooth hermitian metric h whose curvature tensor √ −1Θ h,A satisfies √ −1Θ h,A ω for some Kähler form ω. For any entire curve f : C → X, the Nevanlinna order function is defined by
where ∆(t) is the disc of radius t in C. For any simple normal crossing divisor D such that f is not contained in D, and for any k ∈ N * ∪ {∞} one sets n where S f (r) is a small term compared to T f (r, A), and where means that the inequality holds outside a set of finite Lebesgue measure in R + . Those inequalities are mainly conjectural and we refer to [NW14] for a detailed account on the main known second main theorem type results. In the rest of this section we will consider the following weaker version of the Second Main Theorem, which consists in establishing inequalities of the form
for some constant c. The theory of jet differentials provides a direct way to produce such inequalities. This relies mainly on the lemma on logarithmic derivatives and appears in several places in the literature more or less explicitly (see e.g. [Yam15, Corollary 4.9]). Here we will apply the following precise statement recently established in [HVX17, Theorem 3.1].
Lemma 4.7. Let (X, D) be a smooth logarithmic pair, and let A be an ample line bundle on X. For any positive integers k, N, N ′ , for any global jet differential P ∈ H 0 Y, E GG k,N Ω X (log D) ⊗ A −N ′ , and for any entire curve f : C → X which is not contained in Supp(D), if f * P ≡ 0, then there exists a constant C such that T f (r, A) N N ′ · N (1) (f, D) + C log T f (r, L) + log r . (4.6.7)
Here the symbol means that the inequality holds outside a Borel subset of (0, +∞) of finite Lebesgue measure.
Let us mention that in [HVX17] the authors only state their result in the case X = P n , but this restriction is unnecessary.
As an immediate consequence of Lemma 4.7 we obtain the following. Proof. Let us take k = n + 1, δ = (k + 1)n + k = n 2 + 3n + 1 and set r 0 = δ k−1 k ′ + δ k−1 (δ + 1) 2 = δ k−1 (δ + 1)(δ + 3 2 ).
By (4.5.6) one can prove that any m (r 0 + k)δ + 2δ can be written in the form Therefore, in order to complete the proof, it now suffices to give a bound on (r 0 + k)δ + 2δ:
(r 0 + k)δ + 2δ = δ k−1 (δ + 1)(δ + 3 2 ) + k + 2 δ < (n + 2) n+3 (n + 1) n+3 n→∞ e 3 n 2n+6 .
By (1.4.13), for any ℓ ≫ 0 one has sufficiently many log jet differentials in E k,ℓN Ω Y (log D) ⊗ O Y (−ℓN ′ A) in the sense that, for any germ of curve γ : (C, 0) → (Y \ D, y) whose k-jet j k γ(0) = 0, there always exists a logarithmic jet differential
with P (j k γ)(0) = 0. By the inclusive relation in Lemma 4.10, one also has sufficiently many orbifold jet differentials in To prove the second statement, since X is compact, it is equivalent to show that X is also Brody hyperbolic. To prove this, we assume that there exists an entire curve f : C → X on X, and the contradiction is derived immediately by observing that π • f : C → Y is an orbifold entire curve with respect to the orbifold (Y, ∆), whereas (Y, ∆) is orbifold hyperbolic by the first claim. This proves the second claim.
Let us mention that in Corollaries 4.6, 4.9 and 4.11 we made an approximation in order to give readable bound. In all cases, as is clear from the proof, we could obtain a slightly better bound. The fact that the same bound appears in Corollary 4.6 and Corollary 4.9 is due to this approximation. In fact, our method would provide a slightly better bound in Corollary 4.6 than that in Corollaries 4.9 and 4.11.
Notations
f : (C, 0) → X Germ of holomorphic curve J k X → X Fiber bundle of k-jets of germs of holomorphic curves in X j k f ∈ J k X k-jet of germ of curve f in J k X J k (X, log D)
Fiber bundle of logarithmic k-jets of germs of holomorphic curves in X E 
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